In this note we show that ΰcC", n > 2, is a smooth bounded pseudoconvex domain with real analytic defining function r(z) such that ΣLi z k {dr/dz k ) φ 0 holds near some x o ebD, then if g E C ω (bD), we have that the Szegδ projection of g, Sg, is real analytic near co . In particular if D is a smooth bounded complete Reinhardt (or Reinhardt) pseudoconvex domain with real analytic boundary, then the Szegδ projection S preserves real analyticity globally.
REAL ANALYTIC REGULARITY OF THE SZEGO PROJECTION ON CIRCULAR DOMAINS SO-CHIN CHEN
In this note we show that ΰcC", n > 2, is a smooth bounded pseudoconvex domain with real analytic defining function r(z) such that ΣLi z k {dr/dz k ) φ 0 holds near some x o ebD, then if g E C ω (bD), we have that the Szegδ projection of g, Sg, is real analytic near co . In particular if D is a smooth bounded complete Reinhardt (or Reinhardt) pseudoconvex domain with real analytic boundary, then the Szegδ projection S preserves real analyticity globally.
I. Introduction. Let Dec", n > 2, be a smooth bounded pseudoconvex domain. Denote by L 2 (bD) the space of square-integrable functions on the boundary and by H 2 (bD) the closed subspace of L 2 (bD) whose Poisson integrals are holomorphic in D. Then we define the Szego projection S to be the orthogonal projection from L 2 (bD) onto H 2 (bD) . It is represented by integration against the Szegδ kernel function S(ω, z), i.e., for / e L 2 (bD), we have Sf(ω)= f S(ω 9 z)f(z)dσ z .
JbD IbD
The smooth regularity of the Szegό projection for a large class of domains has been established, for instance, see [1] [2] , [3] , [4] , [8] , [9] , [10] , [12] . Hence in this paper we are going to study the real analytic regularity of the Szego projection on circular domains. The problems can be formulated as follows. For global result in this case see also Tartakoff [14] . The condition Y(q) means that the Levi form has max(#+1, n-q) eigenvalues of the same sign or min(# + 1, n -q) pairs of eigenvalues of opposite sign at each point. Therefore if one has a smooth bounded strictly pseudoconvex domain D in C n , n > 3, with real analytic boundary, then one can apply the following formula
where N b is the boundary Neumann operator, to show that the Szegό projection S preserves real analyticity locally (hence globally too). However, we must point out here that this theorem does not apply to the domains in C 2 , because condition 7(1) is violated on such domains.
Very recently M. Derridj and D. Tartakoff [7] showed that if the defining function near OebD can be expressed as
with h real analytic and h(0) = 0, then again a local theorem holds near OebD. In this paper we prove the following main results. 
(bD). Then Sf is real analytic near x$.
We remark here that (i) Theorem 1 is also true in dimension two, (ii) it is not quite a local theorem, because we need / to be globally real analytic. It follows from Theorem 1 that we have The author would like to thank Mei-chi Shaw for bringing this problem to his attention. 
II. Proof of the main results.
A domain D in C n is called circular if (zι, ... , z n ) e D implies (
= 2STu{ω).
This completes the proof of the lemma.
Now we begin to prove Theorem 1. So we assume that / e C ω (bD). It follows from the smooth regularity of the Szegό projection that we have Sf e C°°(bD). Denote by L (or I) any of the L t 's (or Γ f 's)
with / < n -1, and by L any of L, 's or L z 's with / < n -1. for all q eN and some open neighborhood U of Xo and some M > 0 uniformly in q. We may assume that Xr Φ 0 holds on some neighborhood of V. Let φ be a cut-off function with φ = 1 in some neighborhood of XQ and supp φ contained in U. Denote by φ 1 any first derivative of φ . Then by Lemma 2.5 one can estimate the pure terms quite easily, Hence what remains in this note is to estimate the term Op(s, q)Sf with s > 1. We will use underline to mean at most such terms are being considered and c is a constant depending only on n. First we write 
where Zj denotes any Z. Hence one may choose c = 2(2« -1).
Proof, (i) is trivial. For (ii) we have [I, Hence the conclusion follows immediately.
SO-CHIN CHEN
Since Sf is annihilated by T, we obtain n-\ (2.12) 
Choose C\ = max(24, 8ncR
2 ) then we get (2.13)
Since the vector field L in general is defined only locally, we need a special cut-off function which is of compact support, but behaves like an analytic function up to certain order. This also completes the proof of Theorem 1. To prove Theorem 4 one can apply the above techniques almost verbally with slight modification. The key point is that for every point XQ G bD we have to choose a vector field like T for Theorem 1 which is transversal to T ι <°(bD)θT°' ι (bD) locally near x 0 and commutes (-) nicely with L and the Szegό projection. This can be done easily. By rotational symmetry of the domain one can choose a direction, say n, such that (z n (dr/dz n ))(xo) φ 0 holds in some neighborhood of XQ. Then define 5 ^action on ~D as follows. Such an action will generate a vector field T n = iz n (d/dz n ) -ΐz n {djd~z n ) with the desired properties. So we are done. For more details in this case see [5] .
